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Abstract
An algorithm is proposed for research into the symmetrical properties of theoretical
and mathematical physics equations. The application of this algorithm to the free
Schro¨dinger equation permited us to establish that in addition to the known Galilei
symmetry the free Schro¨dinger equation possesses also the relativistic symmetry in
some generalized sense. This property of the free Schro¨dinger equation permits the
equation to be extended into the relativistic area of movements of a particle being
studied.
1 Introduction
The symmetry properties of theoretical and mathematical physics equations contain the
important information about objects of research. The relativization of space-time obtained
by studying the space-time symmetries of Maxwell equations may be an example.
A number of approaches was proposed for studying symmetries: the method of replac-
ing the variables [1], [2]; the classical Lie algorithm [3], [4]; the modified Lie algorithm [5],
[6]; the algorithmes of finding the generelized and non-Lie symmetries [3], [4], [7], [8]; the
theoretical-algebraic approach [9], [10], [11]; the method for studying the conditional sym-
metries [12], [13], [14]; the renormgroup concept [15], [16]. The purpose of the present work
is formulation of the algorithm [17], enabling to obtain additional information. The elements
of this algorithm were elaborated by studying symmetries of D’Alembert and Schro¨dinger
equations [18], [19], as well as by proving the Galilei symmetry of Maxwell equations [20],
[21], [22] in a generelized sense. As an object of the research in this work, we choose the
Schro¨dinger equation.
2 Formulation of the algorithm
Let us begin with a definition of symmetry which we shall call generelized one, and which
we put in the base of the search for new symmetries.
Let the equation be given in the space Rn(x)
Lφ(x) = 0, (1)
where L is a linear operator.
Definition 1 By the symmetry of Eq. (1) we shall mean a set of operators Q(p),
p=1,2,. . .,n,. . . if any operator of the type L(p−1)Q(p) transforms a solution φ(x) into an-
other solution φ′(x) = L(p−1)Q(p)φ(x).
2Definition leads to the operators Q(p) satisfying commutational relations of order p
[L [L . . . [L,Q(p)] . . .] ](p−fold)φ(x) = 0 (2)
The generelized Definition:
• includes the understanding of symmetry also in the case that Eq. (2) is fulfiled on a
set of arbitrary functions, i.e. that [L [L . . . [L,Q(p)] . . .]](p−fold) = 0 [18];
• contains the standard understanding of symmetry [L,Q(1)]φ(x) = 0 with p=1 [7], [9];
• includes understanding of symmetry in quantum mechanics sense [L,Q(1)] = 0 [23];
• differs from the standard one in accordance with which the framework of the latter by
the operators of symmetry we must mean not the operators Q(p), but the operators
X(1) = L(p−1)Q(p) [11].
The question is how practically to find them. In the present work it is made by analogy with
the modifed Lie algorithm [5], [6]. Below we shall consider the case with p=2.
Let us introduce a set of operators
Q(2) = ξa2(x)∂a + η2(x), (3)
which have the following commutation properties
[L [L,Q(2)] ] = ζ2(x)L (4)
The given expression is operator’s version of the generelized Definition of symmetry with
p=2. Here ∂a = ∂/∂x
a; a = 0, 1, . . . n− 1; ξa2(x), η2(x), ζ2(x) are unknown functions; the
summation is carried out over a twice repeating index. The unknown functions may be found
by equaling the coefficients at identical derivatives in the left and in the right sides of the
ratios (4) and by integrating the resulting set of differential equations. This set we shall call
the determining one by analogy with [6].
After integrating the general form of the operator Q(2) may be written as a linear com-
bination of the basic elements Q(2)µ and Q
(2)
ν , on which, by analogy with [6], we impose the
condition of belonging to Lie algebras:
[Q(2)µ , Q
(2)
ν ] = CµνσQ
(2)
σ (5)
Here Cµνσ are the structural constants; operators Q
(2)
σ belong to the sets of operators Q
(2).
By integrating the Lie equations we shall transfer from the Lie algebras to the Lie groups
dxa′/dθ = ξa(x′), xa′(θ=0) = x
a, (6)
where a = 0, 1, . . . n− 1; θ is a group parameter [3], [6].
For the law of transforming the field φ(x) to be found, instead of integrating the corre-
sponding Lie equations [3], [6]
dφ′(x′)/dθ = η(x′)φ′(x′), φ′(x′)(θ=0) = φ(x) (7)
3we shall use the approach [20], [21] that we shall illustrate by example of one-component
field. We shall introduce a weight function Φ(x) into the field transformation law so that
φ′(x′) = Φ(x)φ(x) (8)
We shall choose the function Φ(x) so that Eq. (1) should transform into itself
L′φ′(x′) = 0→ x′ = x′(x)→ Lφ(x) = 0,
L′ = L
(9)
due to the additional condition, namely, compatibility of the set of the engaging equations
AΦ(x)φ(x) = 0,
Lφ(x) = 0
(10)
The former is obtained by replacing the variables in the initial equation L′φ′(x′) = 0. If
A = L, the symmetry will be called the classical or standard one; and the symmetry will
be called the symmetry in generalized sense or the non-standard one if A 6= L. By solving
Set (10) the weight function Φ(x) may be put in conformity to each field function φ(x) for
ensuring the transition (9).
Instead of solving Set (10) the weight function may be found on the base of the symmetry
approach. As φ′(x′) = Q(1)
′
φ(x′) is a solution too, and φ′(x′) = Φ(x)φ(x) we have [20], [21]:
Φ(x) =
φ′(x′ → x)
φ(x)
∈ {φ(x
′ → x)
φ(x)
;
1
φ(x)
;
Q(1)
′
α φ(x
′ → x)
φ(x)
;
[L′, Q(2)
′
µ ]φ(x
′ → x)
φ(x)
; . . .} (11)
Here the dots correspond to a consecutive action of the operators Q(1)
′
α and [L
′, Q(2)
′
µ ] on
a solution φ(x′). Thus, for the function Φ(x) to be found it is necessary to turn to the
unprimed variables in the primed solution φ′(x′) and to divide the result available by the
unprimed solution φ(x) [20].
After finding the weight functions Φ(x) the task on the symmetry of Eq. (1) for one-
component field may be thought as completed in the definite sense, namely: the set of the
operators of symmetry and the appropriate Lie lgebra are indicated for p=2; the group of
symmetry is restored by the given algebra; the transformational properties of the field φ(x)
are determined with the help of the weight functions.
The symmetries found in such a way are distinguished by two symptoms from the ones
found in accordance with the standard Lie algorithm in the classical or the modified versions:
we use the commutational relations (4) of higher order than unit and the non-Lie condition
of symmetry (10). The point is that the equation AΦφ(x) = 0 beloning to Set (10) is
not Lie invariant because A 6= L in general case. However at the set of the solutions
{Φ(x)φ(x), φ(x)} equations (10) become compartible and it follows from L′φ′(x′) = 0 that
Lφ(x) = 0. It is the non-Lie condition of symmetry (10) that is the reason for using the
relation (8) instead of integrating the corresponding Lie equations (7).
Taking it into account , we note that stated algorithm allows generalization for the case of
multicomponent field and symmetries of higher order than p=2 and consider the particular
examples.
43 Application of the algorithm to the Schro¨dinger equa-
tion
Let t designate the time; x, y, z are the space variables; m is the mass of a particle, φ(x) is
the wave function. Then [25]
Lsφ(x) = (ih¯∂t +
h¯2
2m
△)φ(x) = 0 (12)
We shall consider the given equation within the framework of the stated algorithm.
3.1 The symmetry of the type p=1. The Galilei symmetry of the
Schro¨dinger equation
The symmetry properties of Eq. (12) with p=1 were investigated by Niderer [5], Fushchich
and Nikitin [6], Hagen [24]. It has been established that the invariance algebra of Eq. (12)
is the Lie algebra of the Schro¨dinger group Sch13. The algebra generators commute on
solutions with the operator Ls from Eq. (12) and belong to the type of the operators Q
(1)
with p=1, for example
[Ls, H1]φ(x) = 0 (13)
Here H1 = it∂x + (m/h¯)x is the generator of the Galilei transformations
x′ = x− V t, y′ = y, z′ = z, t′ = t, (14)
V is the velocity of the inertial reference K ′ relative to K. By means of Eq. (14) we may
formulate the set of equations for finding the weight functions Φ(x):
(Ls + ih¯V ∂x)Φ(x)φ(x) = 0;
Lsφ(x) = 0
(15)
Putting the free Schro¨dinger equation solution [25]
φ(x) = exp[− i
h¯
(Et− x.p)] (16)
into the first equation of the set (15) or into the formula (11) we have:
Φ(x) =
φ(x′ → x)
φ(x)
= exp[− i
h¯
(−Et + xP)] (17)
Here E = mv2/2; p = mv; E = mV 2/2; P = mV ; v is the speed of a particle. The function
(17) coincides with the one obtained as a result of integrating the Lie equations [5], [6], [24].
Thus, as to the symmetry of the type p=1, the stated algorithm has resulted in the
known conclusion: the Galilei transformations (14) are the symmetry transformations of
the Schro¨dinger equation if the latter are accompanied by the transformation of the wave
function (16) following the rule
φ′(x′) = Φ(x)φ(x) = exp[− i
h¯
(−Et + xP)]φ(x) (18)
Similarly, the weight functions may be also found for the other space-time transformations
which fall into the Schro¨dinger group. As a consequence of Set (15), Galilei symmetry of the
Schro¨dinger equation is the non-standard one in sense of the terminology from Section 2.
53.2 The symmetry of the type p=2. Relativistic symmetry of the
Schro¨dinger equation
The evidence for possible existence of the relativistic symmetry of the Schro¨dinger equation
has already been obtained by Malkin and Man’ko [9], Fushchich and Segeda [26]. In par-
ticular, lkin and n’ko showed that the Schro¨dinger equation with the Coulomb potential if
considered in the momentum p-space could be reduced to the free D’Alembert equation in
the special basis q = f(p). Hence, it is conform-invariant in the q-space [9]. Fushchich and
Segeda found the symmetry of the free Schro¨dinger equation with respect to the non-Lie,
integro-differential operators which form the representation of the Lie algebra of the Lorentz
group [26]. However below we shall not consider these works in details as the present pa-
per is devoted to the investigation of the Lie invariance algebras in the 4-dimentional real
space-time.
It is known that the generators of the Lorentz transformations M0k = x0∂k−xk∂0 (x0 =
ct; xk = −xk; xk = x, y, z) and the operator Ls of the Schro¨dinger equation satisfy the
commutational relations of second order [19]:
[Ls [Ls,M0k] ] = 0 (19)
Here [Ls,M0k] = h¯(ic∂k+h¯∂t∂k/mc). Hence, the generatorsM0k are the symmetry operators
of the Schro¨dinger equation in accordance with Definition 1 in Minkowski space if p=2
[19]. Therefore, besides the Galilei interpretation the Schro¨dinger equation admits also the
relativistic one. Accordingly, we assume that the mass in Eq. (12) depends on the speed and
follows the relativistic law m = m0/
√
1− β2, where β = v/c; v is the velocity of a particle;
c is the speed of light; m0 is the rest mass. Then we have:
Lrsφ(x) = (ih¯∂t +
h¯2
√
1− β2
2m0
△)φ(x) = (ih¯∂t + c
2h¯2
2W
△)φ(x) = 0 (20)
We shall call this equation the relativistic Schro¨dinger equation and give its solutions
φr1(x) = exp[−
i
h¯
(
β2
2
Wt−P.x)] = exp[−imv
2
2h¯
(t− n.x
v/2
)] (21)
φr2(x) = exp[−
i
h¯
(Wt−
√
2
β
P.x)] = exp[−imc
2
h¯
(t− n.x
c/
√
2
)] (22)
Here W = mc2 and P = mv are the relativistic energy and momentum of a particle;
n = v/v is the guiding vector of the velocity v. In the non-relativistic approach the solution
φr1(x) is reduced to the solution (16)
φr1(x, β ≪ 1) ∼= φnr1 (x) = exp[−i
m0v
2
2h¯
(t− n.x
v/2
)] (23)
The solution φr2(x) takes the form
φr2(x, β ≪ 1) ∼= φnr2 (x) = exp[−i
m0c
2
h¯
(t− x.n
c/
√
2
)] (24)
6It is the new solution of the Schro¨dinger equation (12). It contains the information on the
value of the particle rest mass and on the direction of its movement. Corresponding to this
solution the wave (24) may be propagated with far higher speed c/
√
2 than the velocity of
a particle v ≪ c and than the speed of the wave propagation v/2 from the solution (23).
Let us find the set of equations for the weight function Φ(x) from Eq. (8). We shall
introduce the Lorentz transformations
x′ =
x− V t√
1− V 2/c2
, y′ = y, z′ = z, t′ =
t− xV/c2√
1− V 2/c2
(25)
By replacing the variables in Eq. (20) and taking into account the transformational proper-
ties of the mass, the energy, the momentum, as well as the interrelations between the private
derivatives we find
[ih¯(∂t + V ∂x) +
c2h¯2(1− V 2/c2)
2W (1−V.v/c2) [
(∂x + V ∂t/c
2)2
(1− V 2/c2) + ∂yy + ∂zz]]Φ(x)φ(x) = 0;
Lrsφ(x) = 0
(26)
For the wave functions φr1(x) and φ
r
2(x) from the formulas (21) and (22) the solutions of the
Set (26) take the following forms:
Φ1 = exp{− i
2h¯(1− V 2/c2){[(β
′2 − 2V
2
c2
− β2(1− V
2
c2
))W−
V (β ′
2 − 2)Px]t− (β ′2 − 2)(VW
c2
− V
2Px
c2
)x}};
(27)
Φ2 = exp{− i
h¯(1− V 2/c2){(1−
√
2
β ′
)(
V 2W
c2
− V Px)t + [V
2
c2
(1−
√
2
β ′
)+
√
2(
1
β
− 1
β ′
)]Pxx− (1−
√
2
β ′
)
WV x
c2
+ (1− V
2
c2
)
√
2(
1
β
− 1
β ′
)(Pyy + Pzz)}}
(28)
Here β ′2 = [V 2(1−β2)/c2+β2−2V βx/c+V 2β2x/c2]/(1−V βx/c)2; V is the velocity of frame
K ′ relative to K; c is the speed of light; β = v/c; βx = vx/c.
In the non-relativistic approximation Set (26) is turned into Set (15), and the function
Φ1(x, β ≪ 1) from Eq. (27) coincides with the function (17). The non-relativistic limit of
the function Φ2(x) is
Φ2(β ≪ 1) ∼= exp{−i
√
2
m0cV (vx − V )
h¯v′
{t− [nx(v − v′)− V ] x
V (vx − V )−
ny(v − v′) y
V (vx − V )− nz(v − v
′)
z
V (vx − V )},
(29)
where v′ = (v2 − 2V vx + V 2)1/2.
In another case, when β = 1, the relativistic Schro¨dinger equation describes the propa-
gation of the fields of wave functions corresponding to the movement of a massless particle
with the velocity c, the momentum P = nP and the energy W = cP :
(ih¯∂t +
c2h¯2
2W
△)φ(x) = (ih¯∂t + ch¯
2
2P
△)φ(x) = 0 (30)
7The solutions of this equation may be derived from the formulae (21) and (22) if β = 1.
φr1(x, β = 1) = exp[−i
cP
2h¯
(t − n.x
c/2
)]; (31)
φr2(x, β = 1) = exp[−i
cP
h¯
(t − n.x
c/
√
2
)] (32)
Here n = c/c, the phase velocity of propagation for the first wave is equal to c/2 and c/
√
2 for
the second one. In both cases these velocities are less than the speed of light c. As a result
two wave functions with the different speeds of propagation and the different frequencies
ω1 = cP/2h¯ and ω2 = cP/h¯ correspond to the same value of the momentum and the energy
of a particle.1 The corresponding weight functions are:
Φ1(x, β = 1) = exp{− iV P
2h¯(1− V 2/c2) [(nx −
V
c
)t + (1− nxV
c
)
x
c
]}; (33)
Φ2(x, β = 1) = exp{−i(
√
2− 1)V P
h¯(1− V 2/c2) [(nx −
V
c
)t+ (1− nxV
c
)
x
c
]} (34)
Thus, the relativistic symmetry of the Schro¨dinger equation contribute to the information
on the properties and the solutions of this equation. In particular, it enables the equation
to be extended to the area of the relativistic values of mass, momentum and energy of the
particle under study. It results in the existence of two different solutions, corresponding to
the same particle. The phase velocity of propagation of the first wave is equal v/2; the phase
velocity of the second wave is equal c/
√
2, where v is the particle velocity and c is the speed
of light. In the non-relativistic approximation the first solution (23) has the known form
(16). The second solution (24) contains the information on the particle rest mass and on
the direction of its movement. The phase velocity of propagation of the second wave much
more exceeds both the non-relativistic speed of a particle v ≪ c and the phase velocity of
propagation of the wave v/2 corresponding to the first solution.
In the case of massless particles the propagation velocities of the fields φr1(x) and φ
r
2(x)
are equal to c/2 and c/
√
2 respectively. The fields lag behind the particle moving with the
speed of light. It is similar to propagation of Cherenkov radiation or sound from a source
moving with a supersonic velocity. The transformation law of the fields of this particle may
be written as follows:
Ψ′
P,c/2,c/
√
2
= ΦΨP,c/2,c/
√
2 →
(
φr1
′
φr2
′
)
=
(
Φ11 0
0 Φ22
)(
φr1
φr2
)
=
1
2
(
Φ11 Φ12
Φ21 Φ22
)(
φr1
φr2
)
,
(35)
where Φ12 = Φ11φ
r
1/φ
r
2, Φ21 = Φ22φ
r
2/φ
r
1; Φ11 and Φ22 are the weight functions (33) and (34)
respectively.
1Taking into account the sense of values ω1 and ω2, we may interprete the functions (31) and (32) as the
solutions of D’Alembert equation in Minkowski spaceM(wt,x) when velocities of fields propagation are w1 =
c/2 and w2 = c/
√
2 respectively. Because of the relativistic symmetry of D’Alembert equation, this possibility
is additional illustration to the relativistiic symmetry of Schro¨dinger equation too. A representation of the
Lie algebra of Poincare’ group may be realized on the solutions of the free Schro¨dinger equation.
8Thus, the relativistic symmetry of the Schro¨dinger equation allows the possibility of
existence of massless fields propagating with the speeds smaller than the speed of light. It
permits the possibility of existence of some hypothetical massless particles with the set of
continuos parameters (momentum P , energy W ) and discrets ones (c, c/2, c/
√
2).
Within the framework of the accepted terminology the relativistic symmetry of the
Schro¨dinger equation is the symmetry in generelized sense.
3.3 Maximal linear group symmetry of the Schro¨dinger equation
with p=2
The maximal group of symmetry (the algebra of invariance) of an equation Lφ(x) = 0
means the symmetry group (the algebra of invariance) of the maximal dimension, permitted
by the given equation in Lie sense. In the present work the concept of maximality is not
unambiguous as it must be conformed with the value of the number p in the commutational
ratio (2). It is necessary to distinguish between the maximal dimensions of group or algebra
with p=1, p=2 and etc.
For determining the dimensions of invariance algebras of the Schro¨dinger equation we
shall start, by analogy with the modified Lie algorithm [5], [6] from the set of the determining
differential equations corresponding to the conditions (4).
For example, first we will write the equations system in the case of p=1. By equaling the
coefficients at identical derivatives in the left and the right sides of the ratios [Ls, Q
(1)] =
ζ1(x)Ls, where Q
(1) = ξa1(x)∂a + η1(x), we have:
∂1ξ
1
1 = ∂2ξ
2
1 = ∂3ξ
3
1 ;
∂1ξ
2
1 + ∂2ξ
1
1 = ∂2ξ
3
1 + ∂3ξ
2
1 = ∂3ξ
1
1 + ∂1ξ
3
1 ;
∂11ξ
0
1 = 0;
Lsξ
0
1 = ih¯ζ1; Lsξ
k
1 = −i(h¯2/m)∂kη1, k = 1, 2, 3;
Lsη1 = 0
(36)
Providing h¯ = c = 1, the system may be transformed into the system from [6]. The system
solutions allow the general expression for symmetry operator Q(1) to be writted as the linear
combination of operators [6]:
Q(1) = a0p0 + a
kpk + b
kJk + d
kHk + eM + gD + fK, (37)
where a0, ak, bk, dk, e, g, f are the arbitrary numbers; x0 = t, xk = −xk = (x, y, z), k=1,2,3;
Ls = ih¯∂0 + (h¯
2/2m)∆; p0 = i∂t; pk = −i∂k; Jk = (xxp)k; Hk = −tpk +Mxk; M = m/h¯;
D = 2tp0−xp+3i/2; K = t2− tD−Mx2/2 are the generators of Lie algebra of Schro¨dinger
group Sch13 [5], [6], [24]. From this it follows, that the maximal invariance algebra of
Schro¨dinger equation with p=1 is the algebra Lie of the Schro¨dinger group Sch13 [5], [6],
[24].
In the case of the type p=2 symmetry, when [Ls [Ls, Q
(2)]] = ζ2(x)Ls and Q
(2) is the
9operator (3), the analogue of Set (36) takes the form [27]:
∂11ξ
1
2 = 0; ∂22ξ
1
2 = −2∂12ξ22 ; ∂33ξ12 = −2∂13ξ32 ;
∂11ξ
2
2 = −2∂12ξ12 ; ∂22ξ22 = 0; ∂33ξ22 = −2∂23ξ32 ;
∂11ξ
3
2 = −2∂13ξ12 ; ∂22ξ32 = −2∂23ξ22 ; ∂33ξ32 = 0;
∂01ξ
1
2 = ∂02ξ
2
2 = ∂03ξ
3
2;
∂12ξ
3
2+ ∂23ξ
1
2+ ∂31ξ
2
2 = 0;
Ls∂0ξ
0
2 = −(h¯2/2m)∆∂0ξ02 +(ih¯3/4m2)∆2ξ02 + ζ2
Ls∂kξ
0
2 = +(h¯
2/2m)∆∂kξ
0
2 ;
Ls∂0ξ
k
2 = −(h¯2/2m)(∆∂0ξk2 + 4∂k0η2) +(ih¯3/4m2)(∆2ξk2 + 4∆∂kη2);
Ls∂1ξ
1
2 = +ζ2/4 −(h¯2/2m)∂11η2
Ls(∂jξ
k
2 + ∂kξ
j
2) = −(h¯2/2m)∂jkη2 j 6= k
∂11η2 = ∂22η2 = ∂33η2;
Ls∂0η2 = +(ih¯
3/4m2)∆2η2
(38)
Set (38) has the solution permitting the symmetry operator Q(2) to be writted as:
Q(2) = a0P0 + a
kPk + b
0kG0k + b
lmGlm + . . . , (39)
where a0, ak, b0k, blm are the arbitrary numbers; k, l,m = 1, 2, 3; the summation is absent
over a twice repeating index; P0 = ∂0, Pk = ∂k, G0k = x0∂k, Glm = xl∂m are the generators
of the 20-dimensional Lie algebra
[Pa, Pb] = 0; [Pa, Gbc] = δabPc; [Gab, Gcd] = δbcGad − δadGcb (40)
Here δab = 0 at a 6= b, δaa = 1, a, b = 0, 1, 2, 3. The algebra genertators satisfy the
commutational ratios
[Ls [Ls, Pa]] = 0; [Ls [Ls, Gab]] = 0 (41)
where [Ls, Pa] = 0, [Ls, Gab] = ih¯δ0a∂b + (h¯
2/2m)δak∂kb. Hence, the algebra (40) is the
algebra of invariance of the Schro¨dinger equation when p=2. It induces the 20-dimensional
group IGL(4,R) of the non-uniform linear transformations of space-time variables in the
space R4(x):
xa′ = Aabx
b + Aa (42)
Here all the sixteen matrix elements Aab are different in general. As far as more total linear
transformations do not exist in the space R4(x), the group IGL(4,R) forms the maximal
linear group of symmetry of the Schro¨dinger equation when p=2. All the other space-time
transformations, corresponding to the condition (4), are nonlinear ones. As an example, we
shall show the transformations induced by the operators
Q
(2)
1 = 2x
02∂0 + x
0xk∂k; (43)
Q
(2)
jk = x
0(xj∂k − xk∂j), (44)
10
where the functions ξa2 and η2 are the solutions of Set (38). The operators (43) and (44)
satisfy the relations [Ls[Ls, Q
(2)
1 ]] = 4ih¯Ls, [Ls[Ls, Q
(2)
jk ]] = 0. We have by integrating the
Lie equations (6) (dx0′/dθ = 2x0′2 → 1/2x0′ = −θ + 1/2x0; dxk ′/dθ = x0′xk ′ → dxk ′/xk ′ =
x0dθ/(1− 2θx0); dxj ′/dθ = −x0′xk ′, dxk ′/dθ = x0′xj ′ → xj ′dxj ′ = −xk ′dxk ′ → xj ′2 + xk ′2 =
xj
2
+ xk
2
):
Q
(2)
1 : x
0′ =
x0
1− 2Θ1x0 ; x
′ =
x√
1− 2Θ1x0
; (45)
Q
(2)
jk : x
0′ = x0;
xj ′ = xjcos(Θjkx
0)− xksin(Θjkx0);
xk ′ = xjsin(Θjkx
0) + xkcos(Θjkx
0)
(46)
Here Θ1 and Θjk are the group parameters. As a result a theorem takes place.
Theorem 1 The group IGL (4,R) is the maximal linear group of symmetry of the free
Schro¨dinger equation in the 4-dimensional real space-time R4(x).
Accordingly to Theorem the Galilei and relativistic symmetries are the natural properties
of the Schro¨dinger equation, since the Galilei, Lorentz and Poincare´ groups are the IGL(4,R)
subgroups. The generators of these transformations may be constructed from the generators
of the algebra (40) by their linear combinations. Since [✷[✷, Pa]] = 0, [✷[✷, Gab]] = 0, where
[✷, Pa] = 0, [✷, Gab] = 2(δ0a∂0b − δka∂kb), this group is the maximal linear group not only
for the Schro¨dinger equation, but and for D’Alembert and Maxwell equations too. Thus, the
IGL(4,R) group is the maximal linear symmetry group of the type p=2 both in the quantum
mechanics, and in the classical electrodynamics.
3.4 The infinite algebra of invariance of the Schro¨dinger equation
with p →∞
Let us turn to the formulae (8) and (11) from the algorithm of section 2. It can be seen,
that any equation Lφ(x) = 0 for one-component field and, in particular, the Schro¨dinger
equation has the property of invariance under arbitrary reversible transformations x′ = x′(x),
x = x(x′) due to the following rations
L′φ′(x′) = 0→ x′ = x′(x), φ′(x′) = Φ(x)φ(x)→ AΦ(x)φ(x) = 0;
Lφ(x) = 0,
(47)
where the set of engaging equations AΦ(x)φ(x) = 0, Lφ(x) = 0 satisfies the condition of the
compatibility, if the weight function is choosen in the form (11): Φ(x) = φ′(x′)/φ(x). The
concept of maximality of a symmetry group then becomes uncertain in view of arbitrary of
transformations x’=x’(x).
In the case of the algebraic approach the given property of the Schro¨dinger equation
results in that the symmetry operators of this equations may be constructed from elements
of the infinite set of operators
∂a; xb∂c; xdxg∂h; xsxpxq∂t, . . . (48)
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Here a,b,. . . , q,t = 0,1,2,3. These operators induce the infinite Lie algebra
[∂a, ∂b] = 0;
[∂a, xb∂c] = δab∂c;
[∂a, xbxc∂d] = δabxc∂d + δacxb∂d;
[∂a, xbxcxd∂g] = δabxcxdδg + δacxbxb∂g + δadxbxc∂g;
(49)
[xa∂b, xc∂d] = δbcxa∂d − δadxc∂b;
[xa∂b, xcxd∂g] = δbcxaxd∂g + δbdxaxc∂g − δagxcxd∂b;
[xa∂b, xcxdxg∂h] = δbcxaxdxg∂h + δbdxaxcxgδh + δbgxaxcxd∂h − δahxcxdxg∂b;
(50)
[xaxb∂c, xdxg∂h] = δcdxaxbxg∂h + δcgxaxbxd∂h − δahxbxdxg∂c − δbhxaxdxg∂c;
[xaxb∂c, xdxgxh∂f ] = δcdxaxbxgxh∂f + δcgxaxbxdxh∂f+
δchxaxbxdxg∂f − δafxbxdxgxh∂c − δbfxaxdxgxh∂c;
(51)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Let us assume a = 0 in the formula (49), and take into account the commutational ratios
[△, ∂a] = 0;
[△, xa∂b] = 2δka∂kb;
[△, xaxb∂c] = 2δkaδkb∂c + 2δkaxb∂kc + 2δkbxa∂kc;
[△, xaxbxc∂d] = 2δkaδkbxc∂d + 2δkaδkcxb∂d+
2δkbδkcxa∂d + 2δkaxbxc∂kd + 2δkbxaxc∂kd + 2δkcxaxb∂kd
(52)
It is possible to show then, that the generators (48) of the Lie algebra of (49) - (51) and the
operator of the Schro¨dinger equation Ls satisfy the commutational ratios (2). We omit the
details, whose example can be the formula
[Ls [Ls [Ls, xaxbxc∂d]]] = −6ih¯3δ0aδ0bδ0c∂d−
6(h¯4/m)(δkaδ0bδ0c + δkbδ0cδ0a + δkcδ0aδ0b)∂kd+
6i(h¯5/m2)(δkaδjbδ0c + δkbδjcδ0a + δkcδjaδ0b)∂jkd+
2(h¯6/m3)(δkaδjbδmc + δkbδjcδma + δkcδjaδmb)∂jkmd,
(53)
and demonstrate only the final result:
[Ls, ∂a] = 0;
[Ls [Ls, xa∂b] ] = 0;
[Ls [Ls [Ls, xaxb∂c] ] ] = 0;
[Ls [Ls [Ls [Ls, xaxbxc∂d] ] ] ] = 0
(54)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
Here j, k, m =1,2,3; the other indexes are 0,1,2,3; the summation is carried out over a
twice repeating index; for the formulae (54) to be valid it is necessary, that the order of the
commutational ratio would exceed the summary degree of space-time variables in generators
of the Lie algebra by unit. A theorem results from it.
12
Theorem 2 The infinite Lie algebra of the operators (48) is the algebra of invariance of the
free Schro¨dinger equation when p →∞.
In addition, it can be seen, that this algebra is the invariance algebra for the D’Alembert
equation too.
4 The conclusion
The algorithm is proposed to study the symmetry properties of theoretical and mathematical
physics equations of the type Lφ(x) = 0. The main distinctive features of this algorithm
are:
• introduction of the operators of symmetry Q(p) satisfying the commutational ratios of
higher order than p=1: [L [L . . . [L,Q(p)] . . .](p−fold)φ(x) = 0;
• introduction of some weight function Φ(x) which is not a component of field into the
law of field transformation φ′(x′) = Φ(x)φ(x);
• interpretation of the compatibility of the set of equations AΦ(x)φ(x) = 0, Lφ(x) = 0,
where AΦ(x)φ(x) = 0 is obtained by replacing the variables x′ = x′(x) in the initial
equation L′φ′(x′) = 0, as the condition of transformation into itself of the initial
equation L′φ′(x′) = 0→ Lφ(x) = 0, L′ = L.
The application of the algorithm to the Schro¨dinger equation (earlier to the D’Alembert
and Maxwell equations) has allowed us to establish, that in addition to the known (standard,
p=1) symmetry the Schro¨dinger equation has the relativistic symmetry (the D’Alembert and
Maxwell equations have the Galilei symmetry) when p=2. This circumstance permits the
Schro¨dinger equation to be extended to the area of relativistic movements with relativistic
values of mass, energy and momentum of the particle under study. The Galilei and the rela-
tivistic symmetries are the particular realizations of the more general symmetry of equations
with respect to the 20-dimensional group of non-uniform transformations IGL(4,R) in the
real space-time R4(x) with p=2. When p→∞, the Schro¨dinger and D’Alembert equations
display the symmetry with respect to the infinite Lie algebra which contains the Lie algebras
of the groups IGL(4,R), Galilei, Lorentz and Poincare´ as the subalgebras.
The relativistic symmetry of the Schro¨dinger equation permits the possibility of existence
of some hypothetical massless particle, moving with the speed of light c and characterized
by the two wave fields propagating behind of the particle with the speeds c/2 and c/
√
2.
In summary, it is possible to state that the concept of symmetry is conventional. It
depends on the definition of symmetry and the associated algorithm. Dividing the equations
into the relativistic and the Galilei-invariant equations makes sense only in the case of the
narrow understanding of symmetry when p=1. In more general case, when p ≥ 1, equations
have cumulative symmetrical properties complying with the principles of relativity in the
relativistic, in the Galilei, as well as in the other versions. In accordance with F. Klein’s
[28], we may state that the equation satisfies as many principles of relativity, as groups of
symmetry exist for this equation.
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